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Abstract — The new formulation of the theory 
of multichannel scattering on the example of coUinear 
model is proposed. It is shown, that in the closed 
three-body scattering system the principle of quantum 
determinism in general case breaks down and we have 
a micro- irreversible quantum mechanics. 

I. Introduction 

All the processes, described by standard quantum me- 
chanical approach, are stochastic processes from the 
point of view of classical dynamics. The natural equiv- 
alence between Schrodinger and Fokker-Plank equa- 
tions was used for formulation of quantum mechanics 
as stochastic theory [1], and the procedure of quan- 
tization was introduced [2], that takes into account 
the influence of stochastic processes on dynamics. For 
solution of quantum problems different numerical al- 
gorithms were proposed for stochastic dynamics (see 
[3]). Note, that in all above approaches the formu- 
lation of the main quantum object, that is the wave 
function, was deterministic. We must underline, that 
deterministic features of the physical theory are the 
outcome of the symmetry of its main equations with 
the change of the sign of time evolution. 

At same time there is a lot of evidences for quantum 
deterministic description violation both in physics (see 
[4] ) and in chemistry [5-6] . 

In present communication, based on previous re- 
search on scattering S-matrix [7-9], it is shown, 
that nonstationary multichannel scattering in coUinear 
three-body system can be formulated as a problem of 
wave packet evolution in a moving local coordinate sys- 
tem, that makes in general case complex, some times 
chaotic, motion on the Riemann manifold (Lagrange 
surfaces of a system) . It is proved, that for described 
system the quantum determinism breaks down and we 
have a typical example of irreversible quantum dynam- 
ics. 

II. Intrinsic geometry of collision system 

The Schrodinger equation of the coUinear reactive sys- 
tem A + {B,C)^ -^ (^>^)m + C after Delves-Smith 
transformation, proposed in [10], can be reduced to 



{n^^^.y) + 2/io [E-V {x, y)]]^ = 0, 



(1) 



where ^o = ["^aJtib^^c/C^t-a + ?tis + "t-c)]^ is re- 
duced mass of particles mA, ms and mc having the 
total energy E and V {x, y) being the interaction po- 
tential between particles. 

Let us consider the Sp surface, given by parametric 
equation / (E'^; x, y) = -^ 2^o [El - V (x, y)] , where 
El is the translational energy in R^^. On the Sp it is 
convenient to choose the curve 9 (reaction coordinate) 
which connect the i?f„ and R^ut asymptotic sub-spaces 
of multichannel scattering and that comes near to the 
curve '^ext (the extremal rays of Lagrange manifold of 
a system). 

Along the curve 9 let us determine the moving lo- 
cal coordinate system [O [t) , ei, 62, 63)^ in such a way, 
that a unit vector e 1 (t) is directed along the tangent 
to 3 and e 2 (t) is orthogonal to e 1 {t) and directed 
along the tangent of Sp, oriented in unique way by de- 
termination of 63 (i), that can be taken as vector prod- 
uct of ei{t) and e2{t).It should be noted, that vectors 
obeying to above conditions form a manifold 



M (3) =U A, = {A J , 



(2) 



with M (5) being the sum of finite or infinite num- 
ber of maps A„, on each of which one can determine 



local coordinates x^ 
formations. 



1,2) and coordinate trans- 



The displacement d r on Sp is given in terms of local 
coordinates u = u{x,y) , v — v {x,y) and we choose 
the motion to be infinite along the u axis. In such a 
way (see [11]) 



d r = ei (1 + Xi/pi)du+ 63 (1 + v/p2)dv, 

Xi{u)=^n/Po{u,o), 



(3) 



Po (u, v) = ^2po[E-U{u,v)], 

U {u, v) ^V{x {u, v) ; y {u, v)) , 
and for metric tensor elements one has 

gii^ {l + Xi/pif , 312 ==521 = 0, 

(4) 

.922 = {l+v/p2f , 

Xi, Pi - are the projection of de Broghe wave and 
main curvature correspondingly on plane of coordi- 
nates u and V. 

If 3 corresponds to "^ext one has 

Pi (u) = -p/Pu, P2 (u) = -p/Pv, (5) 

with p {u) = P (u, 0) , p_ = lim p {u) and p^i = 



u — ^ — 00 



(9^.P(u,0), where P{u,v) = J2pn [El - U {u, v)] 

and El =p'^/2po. 

Note, that every curve 3 generates its own M (3), 
that would be topologically equivalent to M C^ext), 
nevertheless individual maps Aq can vary significantly 
from one curve to another. The choice of the curve 3, 
different from '<Sext, is supported by the fulfillment of 
quasiclassical conditions in every point of it. 



Al {Uq) < |P1 (Ug)| , A2 {Ug) < \P2 (Ug)| , 

or Xl (Uq) X2 (Uq) <t: Aq ^ \pi (Uq) p2 {Uq)\ . 



(6) 



where Ai (uq) and A2 (uq) are the de Broglie wave 
lengths of imaging point by the u and v coordinates 
correspondingly, and A2 (u) < vq (m), where vq (u) is 
the distance between the caustics. 

III. Equation of local coordinate system 
motion 

Let us study free motion of image point on manifold 
M (3 (u (i))).In most general case it is given by equa- 
tion (see [11]) 



4t + {y}M^;*4 = «W4' 
a{t)=-tss/sl {i,j,k^l,2) 



(7) 



with x^j = dtx'^, x\f = d'^x^, tgs — d^t and st = dts. 

In (7) t is the natural parameter of motion, i.e. time, 
s - is the length of curve, {ij} ^ is affine connectivity 
on 2-D-manyfold, that is determined for nondegener- 
ate matrix g = det{gij) 7^ by 



{ylAf " y''^ '^3ir,i + 9ii;j - 9ir,i) ^ 

(8) 

gij-.k =■ O^kgij 

Differential equation (7) with initial conditions gives 
for any moment t the unique solution for trajectory 
and speed of motion. The local coordinate system 
motion is given by the equation for x^ = u (t) and the 
second equation for x'^ — v (t) is in some sense the con- 
trolling equation. If those equations can be splitted, 
direct transitions are possible in the quantum problem. 

Note, that for any moment t the M(3(u(t))) is 
Riemann manyfold, but transforming the problem to 
stationary representation one gets new non Riemann 
manyfold Mstci'^ (u)), that can have curve-chaotic 
structure. 

IV. Solution of Schrodinger equation on 
manyfold M (3 (u)) 

The Schrodinger equation in curvilinear coordinates 
can be represented as [12] 

{h^g"^d^^ (g'^^d^.) + Pi («, «)} * = 0, (9) 

Our purpose is to find the solution of the equation 
(9), that will satisfy the following asymptotic condi- 
tions for the full wave function of the system 

lim ^P^ (m, v) ~ ^i„ (n; u, v) + 



J2 ^m«*L(™;"''^)> 
lim ■^+ {u,v) ^J2 Snm'^out{m;u,v), 



(10) 



where n and m are the quantum numbers of the 
bound states in corresponding channel. 

In (10) the coefficients Rmn and Snm arc the excita- 
tion and rearrangement amplitudes correspondingly. 

Taking into account the fact that scattering wave 
function is located along the reaction coordinate 3 and 
based on parabolic equation method [13] for such a 
problem, we represent the solution of (7) in a form 



^+ {u, v) = exp iih^J p{u )s^' du j x 

^ ' (11) 

A{u,v), Su^duS. 

After the coordinate transformation in equation (9) 

u 

r={Eiy' [p{u)s^,du, z^{hEl)--^pv, 



taking into account (5), (6) for the total wave func- 
tion of three-body system in harmonic approximation 
one gets 



{VLin/irY' 



2"n! 



exp I 



Elr 



n 



in 2 



Hn 



S i^. 



5M";-,-) = [%^]^x 



(12) 



exp [iSeff (z,t)] Hn 



/n~ 



{Z~f]) 



Seff{z,T)^S,i{T)-El j U\-'-2fioElp-AdT' 

— oo ^ ^ 

— OO 

F(T'MciT', S; = r!,„ (n + i) . 

(13) 
The function ^ (t) is the solution of classical oscil- 
lator problem 

2 r 



(18) 

Asymptotic wave function $o„t (to; z,t) is found 
from (16) by substitution Qin -^ ^out and n ^ m. 

V. S-matrix representation in terms of 
internal time 

Let us discuss the exact representation for the S- 
niatrix in terms of total wave functions of (in) and 
(out) states [14] 



*+(n;u,u)=^* {k;u,v)Skn, 



(19) 



Taking into account, that asymptotic wave functions 
form a basic set for (out) asymptotic space Rgut^ after 
projection of (19) onto this asymptotic state in the 
limit u -^ -|-oo one gets 



5„„ = lim (**„( (m;u,w)*+(n;u,u))^ = 

u^-\-oo 



T— *- + 00 



lim (^o^t (TO;z,r)*+(n;z,r)) , ( 



^^W = -(1r 



Phil i £« i 1 i Eau. 

p p'^ 7^ p 



Em. 

p2 



>0 

(14) 



with asymptotic condition 



£, (r) -- exp {iVtinT) 



T — »■ — OO 



£, (t) -- ci exp {iVtoutr) - C2 exp {-iVtoutT) , 

T— > + 00 

(15) 
with ci and C2 being constants, determined by the 
solution of (14). 

As to the function 77 (t) , it satisfies the equation 

ri + n^{T)r] = F{T), (16) 

and expressed via the solution of the equation (14) 

,7 (r) = (2f},„)-* [e (r) d* (t) + r (r) d (r)] , 



+ 00 

•). = / dz. 

— 00 

(20) 
In such a way we have a new representation for 
S— matrix, that is one integral less, than standard one. 
As in this case the variable u or r plays a role of nat- 
ural parameter t (usually time) in scattering theory, 
and (20) is quite similar to nonstationary 5— matrix 
representation, we shall follow Prigogin [15] and call t 
the " internal" time of three-body system. 

VI. Transition amplitude for rearrangement 
processes 

Let us use the exact expression for S— matrix (20) 
for calculation of the reaction transition amplitude. 
By using (12) for total wave function and (17) for 
asymptotic one we obtain the final expression for 
A + (B, C)„ =?^ {A, B)^^ + C reaction amplitude 



W„ 



exp 



{^y\H^n{hlM)V^ 



-v{l - V^ COS 20) 



(21) 



77 (-00) = r)(-oo), 
d(T) = (2r!„0-^ / rfT'e(T')F(T'), 



(17) 



Here the function -ffmn(&i,^2) stands for complex 
Hermitian polynomial, and 



61 = ^/uJl~~ff) e-yi\> (i0) , 



Note that in the limit t ^ — 00 the exact wave func- 
tion (12) is reduced to its asymptotic form ^i„ (n; z, r) 

*i„(n;z,T)= lim "^^ {n]z,T) = 

T — ► — 00 



&2 = -y 



exp {—10) — v^cxp (i0) 



(22) 



The variables 9 , Si, S2, P and v are determined by 
coefBcients ci , C2 and by solution ^ (t) 

^ = |c2/ci| , d= lira c? (r) = y^cxp (z/?) . 



r — '■+00 



(23) 
In case of forced motion {i' — 0) the local coordinate 
system {O {t) , ei, 62, 63)3 is moving along extremal 
path Sext and depending on one parameter 9 



W„ 



^^/r^ 



p, 



(n^-n_;)/2 



(n^+n^)/2 



VY~9 



(24) 



with n^ — min(?7i, n), n;^ = max (to, n) , and 
PJ} {x) is the associated Legendre polynomials. 

Thus, the rearrangement in coUinear three-body sys- 
tem at overbarrier transitions to good approximation 
is equivalent to the problem of quantum harmonic os- 
cillator with variable frequency f2 (r) in the external 
field F [t) with t being the "internal" time, that in 
certain conditions can be chaotic. It's in turn means, 
that in general case the parameters 9, (5i, 82 and v and 
hence S'-matrix elements being random too. 

VII. Conclusion 

In present paper we tried to introduce the new formu- 
lation of the theory of multichannel scattering on the 
example of coUinear model. It is shown, that there 
exist a natural formulation of the problem with the 
evolution equation of the system determined in intrin- 
sic geometry M(3(m)) on Riemann manyfold 3(u), 
described in term of moving local coordinate system 

(O (i) , e 1, 62, 63 1 . It is proved, that motion of 

the local coordinate system, obeying to the system 
of equations (2), on manyfold M(3(u)) in general 
case is quite complicated and sometimes chaotic. It 
is shown, that transition to stationary description can 
be realized by introduction of a new wave equation 
(9), in general case, on curved, foam-like manyfold 
M (3 {u)). By means of choosing of the corresponding 
reaction path coordinate 3 (the curve that connects 
the asymptotic scattering sub-spaces i?f„ and R^^f) 
along which the local coordinate system makes pro- 
gressive motion, the initial two-dimensional hyperbolic 
equation can be approximated at any collision energy 
with any precision and reduced to one-dimensional 
non-stationary equation for anharmonic quantum os- 
cillator in a general case with chaotic internal time 
T{u{t)). In internal time formulation the new repre- 
sentation of transition matrix, being by one integra- 
tion smaller, was built, and the fact that in case when 



internal time r being natural parameter t, it repre- 
sents the exact S-matrix of non-stationary scattering 
problem was proved. 

In other words, the micro-irreversible quantum rep- 
resentation for the problem of multichannel quan- 
tum scattering was obtained for the first time. It 
means, that in the closed three-body scattering sys- 
tem the principle of quantum determinism in general 
case breaks down. 

References 

[11 E. Nelson, Phys. Rev., 1966, v. 150, p. 1079. 

[21 G. Parisi, Wu Yong-Shi, Scicntica Sinica, 24, 483 
(1981). 

G. Ropke, Non-Equilibrium Statistical Mechan- 
ics, [in Russial, 1985. 

M. C. Gutzwiller, Chaos in Classical and Quan- 
tum Mechanics (Springer, Berlin, 1990). 

C. Clay Marston, J. Chcm. Phys. (1995), v. 103, 
N.19, p.8456. 

A. Tiyapan and Ch. Jaffe, J. Chcm. Phys. (1994), 
v.lOl, N.12, p.10393-10403. 

A. S. Gevorkyan, Rep. NAS Armenia, (1996), v. 
95, N3, p.214-219. 

A. V. Bogdanov, A. S. Gevorkyan and G. V. 
Dubrovskii, Teh. Phys. Lett. (1994), 20(9), p.698. 

A. V. Bogdanov, A. S. Gevorkyan et. al., Theor. 
Mat. Fiz, (1996), v. 107, N2, p. 238-250. 

[101 M. Baer, Adv. Chcm. Phys. (1982), v. 49, p.l91. 

[Ill G. A. Korn, T. M. Korn, Mathematical Hand- 
book for Scientists and Engineers Mc Graw-Hill 
book Company N. York, 1968). 

[121 P. A. Dirac, Lectures on Quantum Mechanics 
(Belfer Graduate School of Science, Yeshiva Uni- 
versity, N. York, 1964). 

[131 V. M. Babich, B. S. Buldirev, "Asymptotic Meth- 
ods in Short Wave Diffraction Problems" , [(in 
Russia), "Nauka", Moscow, 19721. 

[141 R. G. Newton, "Scattering Theory of Waves and 
Particles" (Mc Graw-Hill book Comp., N. York, 
1966). 

[151 I- Prigogine, From Being to Becoming : Time and 
Complexity in the Physical Sciences, (W. H. Free- 
man and Company, San Francisco, 1980). 



